We study the operator product expansion in the current algebra of SL(2, R). We incorporate the spectral flow symmetry into two alternative definitions proposed in the literature: i) an ansatz based on the requirement that the classical limit reproduces the tensor product of representations of SL(2, R) and ii) the analytic continuation from the operator product expansion in the Euclidean H + 3 WZNW model. We show that both prescriptions lead to the same result for the operator product of the current algebra, although some ad-hoc assumptions of the former arise naturally as a consequence of the analytic continuation in the latter. We prove the closure of the operator algebra among the states leading to a unitary spectrum of string theory on AdS 3 . Using these fusion rules, we then discuss the factorization of four-point functions involving operators in various sectors of the SL(2, R) WZNW model and we verify that it satisfies the spectral flow selection rules. *
Introduction
String theory on AdS 3 is one of the best understood string theories in curved backgrounds. It is so far the only case where the AdS/CFT correspondence [1] can be explored beyond the supergravity approximation with complete control over the worldsheet theory and it has been very useful for the analysis of black holes in two and three dimensions.
The worldsheet of the string propagating on AdS 3 is described by the SL(2, R) WZNW model. The spectrum is built from affine primaries of the universal cover of SL(2, R) and their spectral flow images [2] . It consists of long strings, physical states with continuous energy spectrum arising from the principal continuous representations and their spectral flow images, and short strings with discrete physical spectrum, resulting from the lowestand highest-weight discrete representations and their spectral flow images. A no ghost theorem for this spectrum was proved in [2] and verified in [3] . Amplitudes of these physical states were computed in [4] , analytically continuing the expressions obtained for the Euclidean H WZNW model in [5, 6] . Several subtleties involved in the analytic continuation relating the H + 3 and the SL(2, R) models were clarified in [4] and this allowed to construct, in particular, the four-point function of discrete primary states or short strings. Integrating over the moduli space of the worldsheet, it was shown that this amplitude can be expressed as a sum of products of three-point functions with intermediate physical states, i.e. the structure of the factorization agrees with the Hilbert space of the theory.
A step up towards a proof of consistency and unitarity of the theory involves the construction of four-point functions in different sectors and the verification that only unitary states corresponding to long and short strings in agreement with the spectral flow selection rules obtained in [4] are produced in the intermediate channels. In particular, the scattering of asymptotic states, i.e. long strings in arbitrary spectral flow sectors, would give an S-matrix interpretation of string theory on Lorentzian AdS 3 . When interpreted in terms of a Lorentzian boundary conformal field theory, the resolution of this interesting open problem is expected to additionally give indications on the holographic description of flat space physics through AdS/CFT [4] .
To achieve this goal, the analytic and algebraic structure of SL(2, R) should be explored further. The strategy of the generalized conformal bootstrap approach applied in [5, 6 ] to obtain the four-point function of normalizable states in the H + 3 model requires knowing the operator product expansions of two operators and the structure constants. Then one could in principle unambiguously determine any n > 3−point function in terms of two-and three-point functions. We would like to study the Lorentzian theory using this method. Preliminary work in this direction can be found in [7] where an operator algebra for primary states of SL(2, R) was proposed, guided by the classical limit. However, although the prescription gives results which reproduce the tensor products of representations, it does not include spectral flow. On the other hand, a natural generalization of the OPE in the H + 3 WZNW model, including spectral flow, was proposed in [8] , and supporting evidence for both spectral flow preserving and violating expansions was derived from the relation between H + 3 and Liouville theories. Here, we elaborate on these two proposals to examine the current algebra of SL(2, R) and, following up the bootstrap approach, we then discuss the construction of four-point functions involving operators in various sectors of the theory as sums of products of three-point functions over intermediate states.
The paper is organized as follows. After reviewing some well-known results of the H + 3
and the SL(2, R) WZNW models in order to setup our notation in the following section, we generalize the OPE presented in [7] for fields in arbitrary spectral flow sectors and summarize our results in the first part of section 3. We then analytically continue the OPE obtained in [5] from H + 3 to SL(2, R) and we add spectral flow as suggested in [8] . We will see that this prescription is more elegant and it naturally resolves some ad-hoc assumptions of the previous approach, although it leads to the same results. In section 4 we discuss the factorization of four-point functions and finally, section 5 contains our conclusions. Some technical details of the calculations are included in the Appendix.
Review of the H + 3 and SL(2, R) WZNW models
In this section we review some well-known results of the H + 3 and the SL(2, R) WZNW models in order to setup our notation.
A thorough study of the H WZNW model was presented in [5, 6] . The theory is described by the following Lagrangian L = k(∂φ∂φ + e 2φ ∂γ∂γ) .
The primary fields Φ j (x, z) are labeled by the spin j = − 1 2 + iR + of a principal continuous representation of SL(2, C) and can be semiclassically identified with the expression Φ j (x, z) = 2j + 1 π (γ − x)(γ − x)e φ + e −φ 2j . (2.2)
They are called normalizable operators and satisfy the following OPE with the holomorphic SL(2, C) currents fixes a normalization and determines the equivalence between Φ j and Φ −1−j as Φ j (x, z) = B(j) 5) where the reflection coefficient B(j) is given by
The operator product expansion of these fields was determined in [5, 6] Here, the integration contour is P + = − 1 2 + iR + , the structure constants C(j i ) are given by C(j 1 , j 2 , j 3 ) = − G(1 − j 1 − j 2 − j 3 )G(−j 12 )G(−j 13 )G(−j 23 ) 2π 2 ν j 1 +j 2 +j 3 −1 γ
, (2.8) with G(j) = (k − 2)
, Γ 2 (x|1, w) being the Barnes double Gamma function, ∆ 21 = ∆(j 2 ) + ∆(j 1 ) − ∆(j 3 ) and j 12 = j 1 + j 2 − j 3 , etc.
The OPE (2.7) holds for a range of values of j 1 , j 2 given by |Re(j This is the maximal region in which j 1 , j 2 may vary such that none of the poles of the integrand hits the contour of integration over j 3 . However, as long as the imaginary parts of j ± 21 do not vanish, J. Teschner [6] showed that (2.7) admits an analytic continuation to generic complex values of j 1 , j 2 , defined by deforming the contour P + . The deformed contour is given by the sum of the original one plus a finite number of circles around the poles leading to a finite sum of residue contributions to the OPE. When j ± 21 are real one can give them a small imaginary part which is sent to zero after deforming the contour. As a consequence of the symmetry j 3 → −1 − j 3 of the integrand the result does not depend on the sign of the imaginary part.
Inserting (2.7) into a four-point function gives an expansion of the correlator which takes the form of an integral with respect to the spin of the intermediate representation. The integrand factorizes into structure constants, two-point functions and conformal blocks. Since these expressions are analytic in j's (up to delta functions), correlation functions involving states with arbitrary spin values may be obtained through an appropriate analytic continuation. This procedure was implemented in [4] to construct the four-point function of discrete primary states in the SL(2, R) WZNW model. However, not all the physical states of SL(2, R) can be obtained by analytic continuation in j. The spectrum determined in [2] contains besides the conventional representations of the zero modes, i.e. the principal continuous representations C , their current algebra descendants and spectral flow images. There are no discrete or spectral flow representations in H 10) where m − m ∈ Z, and they satisfy the following OPE with the chiral currents:
The relation between Φ j m,m and Φ −1−j m,m is given by [9] Φ j m,m = B(j)c
The physical values of m, m in H + 3 and in SL(2, R) are related through Wick rotation from m + m ∈ iR to m + m ∈ R, respectively.
The spectral flow representations are generated by the following automorphism of the current algebraJ
with w ∈ Z, which gives a spectral flow copy of the Virasoro algebra with
(2.14)
Different amounts of spectral flow give inequivalent representations D
. This spectral flow symmetry of the current algebra determines the lower
on the spin of the discrete representations. This is very important for the application of this model to string theory on AdS 3 since some discrete states outside the range
have negative norm and do not decouple after imposing the Virasoro constraints. The fields Φ j,±w m,m in the spectral flow sector w are obtained acting w times on (2.10) with the (appropriately normalized) spectral flow operator Φ
, and they verify the following OPE with the currents J a (z):
Correlation functions in the H + 3 model were transformed to the m− basis in [4, 7, 10] . The analytic continuation to SL(2, R) and the action of the spectral flow symmetry on the correlators was performed in [4, 10] . The two-point function preserves spectral flow and has the following form
where
The equivalence among series mentioned above allows to relate these expressions to the i w i = −2 three-point functions of discrete states.
In the following sections we will use these results to determine the OPE of the SL(2, R) current algebra and to discuss the factorization of four-point functions.
3 Operator algebra in SL(2, R)
An ansatz for the OPE
Guided by the classical tensor products of representations, Y. Satoh proposed the following OPE for w = 0 primary fields Φ
, is determined from the spectral flow conserving two-and three-point functions through
and it is given by
3)
The formal symbol j 3 denotes the integration over D
, namely
The integration over P + = −1/2 + iR + stands for the summation over C means that j 3 is picked up from the poles in Q w=0 by the contour C only when it is the spin of a discrete representation. The range of j 3 is Re j 3 ≤ − 1 2 and Im j 3 ≥ 0, consistently with the argument which determined Q w=0 because j 3 picks up only the second term from (2.17). This prescription gives results which reproduce the classical tensor products of representations of SL(2, R) obtained in [13] . However, it leads to contributions to the OPE from discrete representations outside the range − k−1 2
, even when j 1 , j 2 are restricted to it. Actually, given that the ansatz imposes the upper bound on the spin by choosing the branch with j < − 1 2 , this OPE receives contributions from poles at
, leading to negative norm states which do not decouple from the physical spectrum of string theory on AdS 3 , even after imposing the Virasoro constraints. We claim that this is the correct behavior for SL(2, R). Instead, when SL(2, R) is concerned, one must consider the full set of structure constants, i.e. spectral flow conserving and nonconserving structure constants should be included in the OPE, and further restrictions on the fusion rules, such as invariance under the spectral flow symmetry of the current algebra have to be taken into account. Indeed, as observed in [8] , using the OPE (3.1) to compute a spectral flow violating three-point function would yield an incorrect zero answer.
To see this, let us start by generalizing (3.1) for fields in arbitrary spectral flow sectors. Actually, given that the winding conserving structure constants for operators in different w sectors do not change in the m−basis, the following generic spectral flow conserving OPE may be inferred from [7] :
3) with w = w 3 − w 1 − w 2 . Now, the integration over P + = −1/2 + iR + stands for the summation over C meaning that j 3 is picked up from the poles in Q w=0 by the contour C only when it is the spin of a primary discrete operator or its spectral flow image. This generalization of the OPE proposed in [7] should hold for operators obtained by spectral flowing primary states. The dots in (3.5) stand for the contributions from spectral flow images of current algebra descendants with the same J 3 0 eigenvalue, i.e. higher order contributions in z 12 , z 12 . Let us briefly summarize the analysis and quote the results for the spectral flow conserving OPE of states in arbitrary w sectors.
Spectral flow preserving OPE
We have to study the analytic structure of
In order to explore the behavior of the function W we will use the expression
and N = 1+j 1 +j 2 +j 3 , s(x) = sin(πx).
and F a, b, c e, f = 3 F 2 (a, b, c; e, f ; 1). An equivalent expression for W which will be useful below is the following
Let us begin considering the spectral flow conserving fusion of Φ 
2
In this case, W [7] , i.e.
2 This symmetry follows directly in W
performing the change of variables (
It is easy to see that 11) and thus, for generic 2j i / ∈ Z, the poles and zeros of Q w=0 (j i ; m i , m i ) are contained in 12) plus possible additional zeros coming from (3.11) and its antiholomorphic equivalent expression (see the Appendix). Recall that Q w=0 involves the function W Let us first consider the case
By abuse of notation, from now on we denote the states by their representations and we write only the holomorphic sector.
• D
The factor Γ(−j 2 − m 2 ) −1 ∼ Γ(0) −1 in (3.12) implies that Q w=0 vanishes when j 3 = − 1 2 + iR, and therefore the continuous representations do not contribute to this OPE. Conservation of m implies j 1 +j 2 = −m 3 +n 1 +n 2 = −m 3 +n 1 +n 2 , and then there are two series of poles for j 3 = m 3 + n 3 = m 3 + n 3 . One of them, at j 3 = −(j 1 + j 2 ) − 2 − n = m 3 − 2 − n − n 1 − n 2 , n = 0, 1, 2, . . . , arises from C(1 + j i ). The second one, when j 3 = m 3 + n − 1 − n 1 − n 2 , comes from γ(m 3 − j 3 − 1 − n 1 − n 2 ). Notice that the two series are disjoint and therefore there are simple poles at m 3 = j 3 − Z. However, if these poles are enclosed by the integration contour C in (3.4) the result vanishes, again because of the factor Γ(−j 2 − m 2 ) −1 . Therefore there are no contributions from the discrete series D −,w 3 =w 1 +w 2 j 3 either. The factor γ(−j 12 ) gives simple poles and zeros for j 3 = j 1 + j 2 − n and j 3 = 1 + j 1 + j 2 + n, n = 0, 1, 2, . . . , respectively. The zeros annihilate the simple poles arising from C(1 + j i ) for these values. Note that poles at j 3 = j 1 + j 2 − n can be rewritten as j 3 = −m 3 + n 1 + n 2 − n = −m 3 + n 1 + n 2 − n, which correspond to operators in D +,w 3 =w 1 +w 2 j 3 as long as n = 1, 2, . . . , min {n 1 + n 2 , n 1 + n 2 }. The factor
turns some of the simple poles from γ(−j 12 ) into double poles. Specifically, the poles at j 3 = −min {m 3 , m 3 } + n, n = 0, 1, 2, . . . , min {n 1 + n 2 , n 1 + n 2 }.
We regularize them as follows: For generic j 1 , j 2 , there is only a simple pole from
. In the limit when j i , m i , m i , i = 1, 2 belong to discrete representations, there is one zero from Γ(−j 2 − m 2 ) −1 and simple poles from γ(1 + j 12 ) −1 at j 3 = −m 3 + n 1 + n 2 − n, n = 0, 1, 2, . . . . We choose the contour of integration to encircle just one simple pole, and assume the other simple poles cancel the zeros appearing in the same limit.
A careful analysis shows that there are no extra zeros in (3.11) (and of course, neither in their antiholomorphic parts). Therefore, the spectral flow conserving OPE D
(3.14)
Recall that in a particular OPE, with fixed m i , m i , i = 1, 2, j 3 = j 1 + j 2 − n and n = 0, 1, . . . , min {n 1 + n 2 , n 1 + n 2 }.
In this case the continuous series C 
at j 3 = −min {m 3 , m 3 }+ n 3 , with p 3 , n 3 non negative integers. At first sight it seems that when 1+p 3 = n 1 −n 2 −n 3 they coincide to give double poles. This would imply that the three-point function is not well defined.
3 However a careful analysis shows that such double poles do not occur. In fact, there are simple poles when j 3 = −m 3 + n 3 = j 1 − j 2 − 1 − p 3 as well as when j 3 = −m 3 + n 3 = j 1 − j 2 − 1 − p 3 , with n 3 , n 3 , p 3 being non negative integers (see the Appendix). Then, double zeros appear which cancel these poles.
This observation is very important for the analytic continuation that we discuss in the following section because the regularization suggested in [7] is not compatible with an analytic regularization.
There are simple poles in Q w=0 at n 3 = n 1 − n 2 + p 3 , i.e. j 23 = p 3 ≥ 0, and then there are contributions to this OPE from the series D
Similarly, there are poles from C(1 + j i ) at j 13 = −n, with n non negative integer. So poles appear at j 3 = m 3 + n 3 , n 3 = n 2 − n 1 + n, but they will contribute to the OPE if n preserves the bound j 3 < − in this case for j 3 ≥ j 2 − j 1 .
Notice that assuming
, operators with quantum numbers in D
) only contribute when
) and there are no contributions from the discrete series if − 1 2
. Therefore, collecting all the results, we get
It is interesting to observe that the contributions from discrete representations preserve the bounds − k−1 2
if j 1 and j 2 do.
In this case there are poles in Q w=0 only from the factor
. Therefore we get
Finally, let us consider Φ
• C
In this case C(1 + j i ) is regular and non vanishing. Then the zero and pole structure of Q w=0 follows simply from W
has simple poles at a, b, c = 0, −1, −2, . . . as well as at u = 0, −1, −2, . . . , where u is defined as u = e + f − a − b − c if a, b and c are non negative integers. So, a direct analysis shows that the poles, when
+ is i , i = 1, 2, are given by those in the following expression:
On the contrary, if one looks for poles in Q w=0 using (3.8), they seem to be those contained in
These different behaviors in the (j 1 , j 2 )-dependent poles suggest that one must be very careful when analyzing the analytic structure. The (m 3 , m 3 )-dependent poles seem to coincide in both expressions. However, the symmetries of W imply that for generic j 1 , j 2 and m 1 , m 2 , the m 3 -dependent poles must be symmetric under m 3 ↔ m 3 as well as under (m 3 , m 3 ) ↔ (−m 3 , −m 3 ), and this is not the case in the expressions above. This is a consequence of the intricate functional form of W. Extra zeros may be hidden. In what follows we will show that the correct behavior of Q w=0 must be
for generic j 1 , j 2 and for m 1 , m 2 not correlated with them, up to regular and non-vanishing contributions for j 3 = ±m 3 + q 3 = ±m 3 + q 3 , with q 3 , q 3 ∈ Z. Although these possible extra terms could diverge for other j 3 −values, they cannot be associated with SL(2, R) representations and the prescription used to derive the OPE implies that they would not give contributions. To see this, note that W is implicitly symmetric under the change
. Take the particular case j 3 = −m 3 + q 3 + iǫ 3 = −m 3 + q 3 + iǫ 3 , with q 3 , q 3 ∈ Z. Then using (3.8) with the relabeling 1 ↔ 3, only a term like D 1 remains in W because the other terms behave as ǫ 3 and no extra divergences appear to cancel the zeros when ǫ 3 → 0, for generic j 1 , j 2 and m 1 , m 2 not correlated with them. Then, W behaves as W 1 in (3.10), with the relabeling discussed above, but now n 1 , n 1 → q 3 , q 3 are not restricted to being non negative integers.
The term
and the similar antiholomorphic one have no poles and zeros when j 1 and m 1 are not correlated. Poles at 2j 3 ∈ Z ≥0 are not considered because we are keeping
. So, we conclude that for j 3 = −m 3 + q 3 + iǫ 3 = −m 3 + q 3 + iǫ 3 , W has no m 3 −dependent poles or zeros, and then
it is straightforward to deduce that the same behavior is obtained for
Therefore, we conclude that the winding conserving contribution to the OPE of two continuous representations is given by
Note that, in a particular OPE with fixed m i , m i , only one of the discrete series contributes, depending on the sign of m 3 , m 3 .
Spectral flow non-preserving OPE
Given that the three-point functions may violate winding number conservation, it seems natural to consider a spectral flow non-preserving OPE. Let us then define the full OPE including the spectral flow violating structure constants as
where now
w, j 3 ,w includes a sum over w, namely
.
Here again the dots in (3.20) stand for spectral flow images of current algebra descendants with the same eigenvalue of J 3 0 . In order to determine the fusion rules we need to study the analytic structure of Q w . We considered Q w=0 in the previous section, so here we concentrate on Q w=±1 . Let us start by the m-independent poles arising from the last factor in (3.22). These poles are the same for both sectors w = ±1 and are explicitly given by
where p, q = 0, 1, 2, . . . , j . Therefore we concentrate in the w = −1 contribution.
5 A similar proposal for the H + 3 model can be found in [8] .
Let us start considering the OPE of two operators obtained by spectral flowing primaries of the highest-weight discrete representation. In this case, Q w=−1 is finite and non vanishing if j 3 = − 1 2 + iR. Therefore, there are contributions from the continuous series C
The factor
in (3.22) has poles for j 3 = −m 3 + Z ≥0 and therefore this OPE gets contributions also from the discrete lowest-weight series D
+ n 1 + n 2 + n 3 , with n i ∈ Z ≥0 and we have used
gives the necessary condition
, and we may rewrite
24)
Notice that if we assume that these contributions can be extended to the full current algebra, the spectral flow symmetry allows to rewrite them as
This was found in the spectral flow conserving OPE (3.14). However, there is an important difference: here j 3 is automatically restricted to the region (2.15). Finally, there is only one contribution from the m-independent poles in Q w=−1 with quantum numbers of a SL(2, R) representation. Explicitly,
with q = 0. In fact, using j i = m i + n i for n i ∈ Z ≥0 , i = 1, 2 and m 3 = m 1 + m 2 + k 2 , then j 3 = m 3 + n 1 + n 2 + p, which corresponds to the spectral flow image of a highest-weight representation. Note that
. Therefore, when there are contributions from this series, the states satisfy the bounds − k−1 2
. Identical arguments for the operator product D
give the following contributions from Q w=+1 :
and
There are no contributions from Q w=−1 in this case because there is a double zero from the factors
. Consequently, the symmetry (m, m, w = 1) ↔ (−m, −m, w = −1) implies that there are no contributions from Q w=1 to the fusion D
as well.
In this case,
The m-independent poles contributing to this OPE arise then for spins
We set q = 0 in the list of poles (3.23) because the contributions with q ≥ 1 do not belong to a SL(2, R) representation since in general k / ∈ Z 6 . The m-dependent poles and zeros of Q w=−1 are contained in the following factors
Putting all together, we find simple poles for operators with quantum numbers in the series D
and double poles
. However, because of the factor
, only operators from D +, w 3 =w 1 +w 2 −1 j 3 contribute if we assume that the double poles are infinitesimally shifted and the contour integral encloses just one of them.
Notice that if this series is in the range (2.15), then
(the upper bound is trivially satisfied because
, and if we assume that these contributions can be generalized to the full current algebra, applying the identification D
reproduces what we found in the spectral flow conserving case.
To study Q w=1 , one must consider other m-independent poles because in this case
. The analysis follows similarly as above and, using the spectral flow symmetry of the current algebra, the result reproduces again the contributions of the discrete representations that we found in the winding conserving case, namely
from Q w=1 and
Now, let us study the following OPE:
6 When k ∈ Z, q ≥ 1 implies j 3 < −(k − 1) in the first case or j 3 > k − 1 in the second one. We have explicitly chosen the branch j < − 1 2 , so the second case is ruled out. The equivalence between discrete representations with j 3
2 > 0, to be used below, allows to exclude the former series as well. 7 These double poles arise when n 1 − n 2 − p = n 3 ≥ 0. So only terms with n 1 ≥ n 2 will contribute.
In this case, the only source of zeros and poles in Q w=−1 is
, so we get the following contributions from w = −1:
Again, if we consider the full current algebra and use the spectral flow symmetry, we can identify this with the discrete series
. This series was found in the spectral flow conserving case with
. It is interesting to note that only the states within the region (2.15) contribute in both cases. Moreover, not only the same type of representations appears in both cases, i.e. in the winding number conserving and violating OPE, but also the quantum numbers coincide. Indeed, in the spectral flow conserving case we havej 3 =m 3 +ñ 3 = j 1 + α 2 +ñ, withñ =ñ 3 + q 2 − n 1 ∈ Z such that − k−1 2
, whereas in the non-preserving case
. It is also important to stress the following observation. For given j 1 , m 1 and j 2 , m 2 the spectral flow conserving OPE receives contributions from states withj 3 ,m 3 verifying j 3 =m 3 +ñ 3 withñ 3 = 0, 1, · · · ,ñ . On the other hand, the spectral flow non-conserving OPE gets contributions from j 3 = −m 3 +n 3 with n 3 = 0, 1, 2, . . . , n max 3 and here n max 3 is the maximal non-negative integer such that j 3 < − (which is the same as before) has to be the maximal non-negative integer for whichj 3 
. In other words, there is just one operator in both OPE, i.e. belonging to both D
. It hasñ 3 = 0 in the former and n 3 = 0 in the latter. At first sight something seems to be wrong. These two series are equivalent, so why do many fields contribute to the OPE but only one of them appears simultaneously in both of them?
The solution to this puzzle is the following. The OPE in spectral flowed primary of highest-weight appears in both sets of contributions, i.e. the one with n 3 =ñ 3 = 0. This behavior was observed in all other cases, i.e. the same series appear in the OPE when one considers Q w=0 or Q w=±1 , but only one operator appears in both OPE simultaneously. 
An identical analysis for
There is no contribution from Q w=−1 in this case because, besides the zeros and poles from
, there is a zero from
does not receive contributions from Q w=1 either.
Let us complete this investigation considering the case
The unique source of zeros and poles in Q w=∓1 is
, so we find
, from Q w=−1 and
The analysis above, both for the spectral flow preserving and non-preserving OPE, involved only states obtained by spectral flowing primary operators. However, we expect that the structure obtained will be carried over to the fusion of spectral flow descendant operators. Therefore, we shall assume that a contribution from a state obtained by spectral flowing a primary indicates that also descendants with the same J 3 0 eigenvalue may appear in the OPE. Moreover, we suppose that if a series contributes to the OPE of two spectral flowed primary operators it will also contribute to the OPE of their descendants. Consequently, even if the calculations involved operators in the series D , we find the following fusion rules 9 :
The series having an equivalent one in the winding conserving sector are not included in this list.
+,w j and C α,w j , we explicitly include also the series D −,w j to better exhibit that the classical limit reproduces the tensor product of representations of SL(2, R) obtained in [13] . Indeed, this is recovered from the spectral flow preserving OPE with w 1 = w 2 = 0 in the limit k → ∞.
Notice that we have truncated the spin of the contributions from discrete representations. We did this following the criterion that processes related through the identity D . Moreover, using again the spectral flow symmetry we would find contributions to D
, in contradiction with our choice of branch j < − . These results are supported by two important consistency checks. First, all the series appearing in the winding violating OPE which have an equivalent series in the spectral flow conserving case contribute. Second, based on the spectral flow selection rules (2.18) and (2.19), the following alternative analysis can be performed.
Let us consider, for instance, the operator product D
. Applying equation (2.19) to correlators involving three lowest-weight discrete states requires either i) w 3 = −w 1 − w 2 − 1 or ii) w 3 = −w 1 − w 2 − 2. Therefore, together with m conservation, i) implies that the three-point function < D . Indeed, this contribution appeared above. Similarly, ii) implies that
, which in fact was found. Finally, when the third state involved in the three-point function is in the series C , which actually appears in the list above.
Although this analysis based on the spectral flow selection rules does not allow to determine the range of j 3 values, it is easy to check that the series content of the full OPE is indeed completely reproduced in this way.
In conclusion, besides having the correct classical limit, the ansatz (3.20) gives results in accord with the spectral flow selection rules obtained in [4] and determines the closure of the operator algebra among representations of SL(2, R) leading to a unitary spectrum of string theory on AdS 3 when properly treating the spectral flow symmetry. Indeed, these fusion rules follow from a consistent truncation of the OPE, i.e. imposing the upper bound j < − 1 2
, the spectral flow symmetry of the model determines the lower bound
. Furthermore, one strong argument in support of these fusion rules is that truncating the OPE as we propose, only the operators violating the bound (2.15) must be discarded.
Analytic continuation of the OPE in H + 3
We now show that the results obtained in the previous section can be more naturally reproduced by analytic continuation from the OPE of primary fields in the H Transforming (2.7) to the m−basis using (2.10) we get for normalizable fields in H
It is easy to see that the integrand is symmetric under j 3 → −1 − j 3 using the following relation [7] 
and as a consequence of (2.12). Generalizing this expression to include spectral flow, as we did in the previous section, we propose the following OPE for the current algebra of SL(2, R):
valid for j 1 , j 2 in the range (2.9). There are also restrictions on m 1 , m 2 which depend on Q w . For instance, the maximal regions in which the parameters may vary such that none of the poles hit the contour of integration are min {m 1 + m 2 , m 1 + m 2 } < − for Q w=+1 . For other values of j 1 , j 2 and m 1 , m 2 the OPE must be defined by analytic continuation.
In the analytic continuation considered in [6] the symmetry j 3 → −1 − j 3 allowed to write the integral either over Im j 3 > 0 or over Im j 3 < 0. Each pole series appears duplicated, one over the real axis and another one below, and both of them give exactly the same result. In the m−basis, on the contrary, besides the (j 1 , j 2 )−dependent poles which are duplicated, new poles emerge, the m−dependent ones, and these are not duplicated. The symmetry j 3 → −1 − j 3 is still present as we discussed above and this is possible because these poles are placed over the real axis, so they require to extend the integral to the full axis P = − In what follows, we first study the case Q w=−1 (an equivalent analysis can be carried out for Q w=1 ) and then present a discussion about the spectral flow conserving OPE.
Spectral flow non-preserving OPE
Let us start considering the contribution from Q w=−1 to the case in which both Φ , the pole structure is represented in Figure 2 .
a). Recalling that m
, and therefore the poles from
are to the right of the integration contour. Moreover, given that all m−independent poles are to the right of the axis , we conclude that the spectral flow violating OPE C
receives no contributions from discrete representations when 
Instead if min {m
, some poles cross the integration contour. They are represented in Figure 2 .b). These contributions coincide with the terms we found in the previous section from the discrete series, namely D +,w 3 =w 1 +w 2 −1 j 3 with j 3 = −min {m 3 , m 3 } + n, n = 0, 1, 2, . . . , and such that j 3 < − 1 2 . Obviously, there are also contributions from C α 3 ,w 3 =w 1 +w 2 −1 j 3 to this OPE, which then turns out to be exactly as we found in the previous section. However, an important difference is the fact that both the discrete series and the bound j 3 < − 1 2 appear naturally as a consequence of the analytic continuation, whereas in the previous section they were ad-hoc assumptions. It is specially interesting to note that only poles corresponding to SL(2, R) representations appear. This will also be true in all the other cases that we analyze below.
To analyze this case, we need to perform the analytic continuation for j 2 away from − ), then Re
Similarly as in the previous case, only poles from
can cross the contour of integration, but due to the factor
there are contributions from the discrete series just for Φ
. Only m−dependent poles can cross the contour of integration. This occurs when both m 1 + m 2 and m 1 + m 2 are bigger than − k−1 2 . We have given j 2 an infinitesimal imaginary part, ǫ 2 , to better display the (j 1 , j 2 )-dependent pole series, but it is not really important for the analysis of this OPE since these series of poles do not contribute.
•
Let us first analytically continue both j 1 and j 2 to the interval (−
), which is shown in figure 4 . The correct way to do this is to consider that both j 1 and j 2 have an infinitesimal imaginary part, ǫ 1 and ǫ 2 respectively, which is sent to zero after computing the integral.
The m−independent poles cross the contour of integration only when j 1 + j 2 < − k+1 2 . However, due to the factors
in Q w=−1 , the contributions from these poles only survive when the quantum numbers of both Φ + n 3 , with n 3 = n + n 1 + n 2 and n 3 = n + n 1 + n 2 , or using
, so that j 3 = m 3 + n 3 = m 3 + n 3 . Instead, the contributions from the poles at j 3 = −j 1 − j 2 − k 2 − 1 − n seem to cancel due to the term
. However these zeros are canceled because the operator has divergences. In fact, using (2.12) and relabeling j → −1 − j, it is straightforward to recover exactly the same contribution from the poles at j 3 = j 1 + j 2 + k 2 + n. Obviously this was expected as a consequence of the symmetry j ↔ −1 − j of the integrand in (3.27) . Both m−dependent and m−independent poles can cross the contour but only the former survive after taking the limit ǫ
Finally, the m−dependent poles give contributions from D
. Actually, when min {m 3 , m 3 } > − n 1 − n 2 , and then
. So, this contribution preserves the bound (2.15). Obviously the same conclusion holds for m 3 > m 3 .
In the case in which one of the operators belongs to a highest-weight and the other one to a lowest-weight representation there is no restriction on j 1 + j 2 other than that from (2.15). At first sight, it seems that there are no contributions to the OPE in the limit ǫ 1 , ǫ 2 → 0, because the factors
give a simple zero. However, some poles from either one of the series
−n will overlap with the m−dependent poles. But because the m−independent simple poles are outside the contour of integration, when we take the limit ǫ i → 0 they may cancel the simple zeros. Obviously, the way in which one must compute this limit is given by the definition of the three-point function involving operators with these quantum numbers. As an example, in the case j 2 = −m 2 + n 2 + iǫ 2 , j 1 = m 1 + n 1 + iǫ 1 , one has
The same ambiguity appears in the three-point function including Φ
The correct way to resolve this ambiguity requires an interpretation of the divergences. Due to the spectral flow selection rules one may assume that a finite term survives in this case after taking the limit. It is not difficult to check that this analysis, including the contributions from continuous representations, gives the same results as in the previous section.
Spectral flow preserving OPE
Studying the contributions from Q w=0 is a difficult task as a consequence of the non trivial behavior of the function W . As mentioned above, the integral representation (2.21) is obviously symmetric under m i ↔ m i . The change of variables . Obviously both bounds cannot be violated at the same time. When the first one is violated, operators belonging to the spectral flow image of a lowest-weight representation contribute to the OPE. On the contrary, when the second bound is not satisfied, operators from the spectral flow image of highest-weight representations appear in the OPE. Notice that the bounds above introduce in a natural way the restrictions that both m 3 > 0 and m 3 > 0 for j 3 = −m 3 + n 3 = −m 3 + n 3 and both m 3 < 0, m 3 < 0 when j 3 = m 3 + n 3 = m 3 + n 3 .
Unfortunately, this is all we can say about the contributions to the OPE of continuous representations. In the m−bases, possible extra poles could appear, maybe implying the contribution from operators not in SL(2, R) representations. Nevertheless, the poles of sible extra zeros cannot cancel the m 3 −dependent poles. This information supports the conclusion that the OPE is closed among SL(2, R) representations if we take into account that none of these series of poles can cross the contour − Finally we want to remark the importance of having found a relation like (3.17), because the other expressions (3.15) and (3.16) do not admit a definition of the OPE as an analytic continuation since the m 3 −dependent poles do not seem to begin at a given point. And this fact is necessary to understand if the series of poles do or do not cross the contour − 1 2 + iR. The analysis greatly simplifies when analytically continuing the quantum numbers of one or both of the operators to those of a discrete representation, as we now show.
Let us first consider j 1 = −m 1 + n 1 + iǫ 1 with n i ∈ Z ≥0 and ǫ 1 an infinitesimal positive number, and
+ is 2 not correlated with m 2 . In this case, W
30) The m−independent poles, which are given by those in
, are to the right or to the left of the contour of integration as is sketched in Figure 5 . Only m 3 -dependent poles may cross the contour, that is those in
. Then if min {m 3 , m 3 } < 
, which implies that the spectral flow conserving OPE D
Let us consider Φ
+ iǫ 2 ), ǫ 2 being an infinitesimal positive number, W is again well approximated by W 1 as long as j 2 = −m 2 +n 2 +iǫ 2 , −m 2 +n 2 +iǫ 2 . In this case one also has to consider W 2 ≡ D 2 C 21 C 21 , but the result coincides exactly with the one obtained using W 1 , so we restrict to this. Two m−independent series of poles may cross the contour of integration: j 3 = j 1 −j 2 −1−p−q(k −2) and j 3 = j 2 −j 1 +p+q(k −2), both with q = 0. The former has j 3 > − 1 2
and the latter,
. The m−dependent poles, in Q w=0 arise from
. In the case j 2 = −m 2 + n 2 + iǫ 2 , the factor Γ(−j 2 − m 2 ) −1 ∼ Γ(0) −1 , when ǫ 2 → 0, so only m−dependent poles give contributions from discrete series. To see this, consider the m−independent poles at j 3 = j 1 + j 2 − p − q(k − 2). These poles are outside the contour of integration and in the limit ǫ 1 , ǫ 2 → 0 some of them may overlap with the m−dependent poles. Again one may argue that this limit leaves a finite and non vanishing factor. The results exactly coincide with those obtained in [7] , i.e. only the series D +,w 3 =w 1 +w 2 j 3 contributes.
−min {m3, m3} When j 2 = m 2 + n 2 + iǫ 2 , at first sight there are no zeros. If j 2 − j 1 < − 1 2 , some poles with q = 0 in the series j 3 = j 2 − j 1 + p + q(k − 2) and j 3 = j 1 − j 2 − 1 − p − q(k − 2) cross the contour, as is shown in Figure 5 .a). Using the relation between j i and m i and m−conservation it follows that the former poles crossing the axis − 1 2 +iR can be rewritten as j 3 = m 3 +n 3 = m 3 +n 3 , where n 3 = n 2 −n 1 +p and n 3 = n 2 −n 1 +p. Obviously if n 2 ≥ n 1 and n 2 ≥ n 1 all the residues picked imply contributions to the OPE from D −,w 3 =w 1 +w 2 j 3 . Thus surprisingly, when n 2 < n 1 or n 2 < n 1 , only those values of p for which both n 3 and n 3 are non negative integers remain after taking the limit. This is because of extra zeros appearing in W 1 (see the Appendix). On the other hand, after taking the limit ǫ 1 , ǫ 2 → 0, the latter poles overlap with those at j 3 = −min {m 3 + m 3 } + n 3 or with the zeros at j 3 = −min {m 3 + m 3 } − 1 − n 3 . When they overlap with the zeros it seems they vanish. However as discussed in the case D
in section 3.2.1, the operator has a divergent normalization (2.12) and these residues lead to the same contributions as those at j 3 = j 2 − j 1 + p. Unexpectedly, extra zeros appear again in W 1 when they overlap with the m−dependent poles canceling these residues as shown in the Appendix.
The poles at j 3 = −min {m 3 + m 3 } + n 3 may cross the contour, but if this happens they overlap with the m−independent poles and double zeros appear. So, the only non vanishing contributions are those of the continuous representations and of
, only m−dependent poles may cross the contour. But they give contributions only if they do not overlap with the poles at j 3 = j 1 − j 2 − 1 − n, as shown in Figure 5 .b). Therefore, this contribution remains only for j 3 ≥ j 1 − j 2 , as obtained in the previous section.
We have seen in this section how the analytic continuation from the OPE in H + 3 gives the same results that we obtained in the previous section for SL (2, R) . As expected, the spectral flow conserving contribution reproduces the classical tensor product of representations in the limit k → ∞ when w 1 = w 2 = 0. Both the series content of the OPE and the bound j < − 1 2 arise naturally from the definition of the analytic continuation, unlike in the previous section where these were imposed as an ansatz. Let us stress once more that poles at values of j and m not belonging to representations of SL(2, R) could have appeared but they did not. The conclusions of the previous subsection regarding the truncation of the operator algebra hold here without modifications. Namely, the OPE is inconsistent with the spectral flow symmetry of the theory unless it is truncated so that equivalent processes receive the same contributions. Again, the discrete representations within the region − k−1 2
appear both in the spectral flow conserving and nonconserving cases. Instead, when operators violating these bounds appear, they contribute either to one case or to the other, but not to both. Consistency of the OPE then requires a truncation of the operator algebra which amounts to keeping continuous and discrete states in the region (2.15) .
It is important to stress that the truncation is not discarding contributions from the microstates associated to (j 1 , j 2 )−dependent poles that were found in [6] . Only m−dependent poles which are absent in the x−basis are inconsistent with the spectral flow symmetry.
Factorization of four-point functions
In this section we would like to study the factorization of SL(2, R) amplitudes. We will follow the bootstrap approach along the lines in [6] to analyse four-point functions. Both for the discussion of the OPE and for the description of correlation functions one needs some information about the nature of the descendant operators. A more precise description of these contributions is necessary to complete this program. We shall not attempt to do that here, but nevertheless we will display some interesting properties of the amplitudes. We expect that some consistency requirement, such as crossing symmetry or the Knizhnik-Zamolodchikov equations, automatically realize the truncation of the OPE discussed in the previous section in the four-point functions.
A decomposition of the four-point function in the H + 3 WZNW model was worked out in [5, 6] . The OPE (2.7) was used for the pairs of primary operators Φ j 1 Φ j 2 and Φ j 3 Φ j 4 . and the s−channel factorization was written as
where D
(n)
x,j (j i , x i ) are differential operators containing the contribution from intermediate descendant states and
which may be rewritten as
. The properties of (4.1) under j → −1 − j allow to extend the integration contour from P + to the full axis P = − 1 2
+ iR and rewrite it in the following holomorphically factorized form: 5) where the chiral blocks are given by
and F j is uniquely determined as a solution to the Knizhnik-Zamolodchikov equations [6] .
Crossing symmetry of this four-point function was proved in [14] . It follows from similar properties of a five-point function in Liouville theory and it amounts to establishing the consistency of the H + 3 WZNW model.
The expressions (4.1) or (4.5) are valid for external states Φ j 1 , Φ j 2 in the range (2.9) and similarly for Φ j 3 , Φ j 4 . In particular, it holds for operators in continuous representations. The analytic continuation to other values of j i , relevant for the SL(2, R) WZNW model, was performed in [4] . In this process, some poles in the integrand cross the integration contour and the four-point function is defined as (4.1) plus the contributions of all these poles. This procedure allowed to construct four-point functions of short strings with w = 0, corresponding to primary states in discrete representations D ±,w=0 j ⊗ D ±,w=0 j , in [4] .
Transforming (4.1) to the m−basis and integrating over x and x ′ we get
where 8) and
An alternative representation of (4.8) was found in [10] in terms of higher generalized hypergeometric functions 4 F 3 (a, b, c, d ; f, g, h; 1) by integrating the second expression for G j containing F j (j i , x). This new identity among hypergeometric functions is an interesting by-product of the present result.
The dots in (4.7) refer, in addition to higher powers of z, z, to the contributions from the m−dependent poles that cross the integration contour. This is consistent with the OPE derived in the previous section, where the discrete representations were found in the fusion of two operators in continuous representations as expected for SL(2, R).
Notice that (4.8) may be rewritten as
where we have used (3.28). Using this identity again one gets (4.8) with j → −1 − j.
Then we can consider a new amplitude
A and take the integral over P = − 1 2 + iR. Given that correlation functions in the m−basis depend on the sum of the winding numbers, except for the dependence on the insertion points of the operators, this result holds for states in continuous representations in arbitrary spectral flow sectors, as long as
For other values of j 1 , · · · , j 4 it must be defined by analytic continuation, i.e. by adding the contributions of all the poles in the integrand that cross the integration contour. We could have started with this expression for the spectral flow conserving four-point functions in the SL(2, R) WZNW model directly applying the factorization ansatz in the m−basis. In fact, (4.8) can be rewritten as given by . We expect that the two expressions for the four-point functions should be equivalent when both spectral flow conserving or non-conserving OPE can hold inside a given four-point function, although a proof of this statement would require making explicit the higher order terms and possibly some contour manipulations, which we shall not attempt. A similar proposition was advanced in [8] for the H + 3 model and some evidence was given that these possibilities might not be exclusive, depending on which correlator the expansion is inserted in.
• Four-point functions of discrete states Let us consider the four point function D
. Namely, we are going to study the correlator Φ
, with j i = ±m i + n i = ±m i + n i , where the upper signs correspond to i = 2, 4 and the lower ones to i = 1, 3. In this case, W reduces to W 1 . The pole structure of (4.8) is more explicit in the following expression
where |E ij (m)| 2 = E ij (m)E ij (m) are defined in the Appendix. Both E ij (m) and E ij (m) have no poles, but they have simple zeros when j = j i − j j − 1 − p = m + n or j = j j − j i + p = −m − 1 − n, with p and n non negative integers.
The poles crossing the contour P are at j = j 2 − j 1 + n and j = j 1 − j 2 − 1 − n from the second line and at j = j 4 − j 3 + n and j = j 3 − j 4 − 1 − n from the last one. The first line has poles at 2j ∈ Z < 0 but they cancel because of double zeros, one from C(1 + j 1 , 1 + j 2 , 1 + j) and another one from C(1 + j 3 , 1 + j 4 , 1 + j).
Let us begin with a simple case involving only highest-or lowest-weight states, i.e. n i = 0 = n i , ∀i. The factorization will be a sum over continuous representations plus contributions from poles crossing the contour P. If m < − 1 2 only the poles at j = j 1 − j 2 + n = m + n and j = j 2 − j 1 − 1 − n = −m − 1 − n cross the contour of integration. The poles at j = j 4 − j 3 + n = −m + n and j = j 3 − j 4 − n − 1 = m − n − 1 do not overlap with the former ones.
The residues from both series of poles may be written as runs over all non negative integers n, such that j = j 1 − j 2 + n = j 4 − j 3 + n < − 1 2
. To see that the same term is obtained from the series j = j 2 − j 1 − n − 1, one has to relabel j → −1 − j and use (3.28) several times. Note that j = m + n = m + n, and therefore this factorization shows states from spectral flow images of highest-weight representations propagating in the intermediate s-channel.
On the other hand, when m > poles satisfies j = −m + n with n = n 2 − n 1 + p ≥ 0, and again intermediate states are obtained spectral flowing w times a highest-weight representation. When n 2 < n 1 , the residues vanish because of zeros in |E 12 | 2 . Note that these poles can overlap with other j 3 , j 4 −dependent poles. In fact, j = j 2 − j 1 + p = j 3 − j 4 − n 1 + n 2 − n 3 + n 4 + p. Then if p − n 1 + n 2 − n 3 + n 4 ≤ −1, these poles overlap with those at j = j 3 − j 4 − 1 − q. But because of m−conservation, j must be equal to −m + r = −m + r, with r, r ∈ Z. Zeros emerge from E 12 for r = 0, 1, 2, . . . and from E 34 (−m) for r = −1, −2, . . . , and equivalently for the antiholomorphic parts. Then, discrete states do not propagate in the intermediate channel of the factorization if −j 1 + j 2 − j 3 + j 4 = −1 − n. The same conclusion is found when repeating the analysis for the other poles.
In other words, when −j 1 +j 2 −j 3 +j 4 = −n−1 states originated from the annihilation between Φ The factorization of the four-point function reproduces by construction the field content of the OPE obtained in the previous section. It is now crucial to verify if the truncation imposed on the operator algebra by the spectral flow symmetry is realized in four-point amplitudes. To confirm this would require more information on the contributions from descendant fields and studying crossing symmetry, which we shall not attempt here. However, we now display some properties of the amplitudes which support this possibility, i.e. that the truncation should be at work also in the factorization.
Take the following four-point function: Following this procedure one should be able check the completeness of the OPE found in the previous section, in the sense that it should reproduce the factorization of arbitrary four-point functions. Here we just perform a qualitative study of the factorization using the OPE. For instance we can reproduce the spectral flow selection rules (2.18) and (2.19) for four-point functions in different sectors. This may be viewed as an indication in favour of the boostrap approach.
Let us analyse the spectral flow selection rules in a four-point function involving discrete states. The bounds (2.19) require −3 ≤ • Four-point functions involving discrete and continuous representations • Four-point functions of continuous states
Let us now consider the following process: 
Summary and conclusions
We have shown that a proper treatment of the spectral flow symmetry requires a truncation of the operator product expansion in the current algebra of SL(2, R) which amounts to the closure of the fusion rules among states leading to a unitary string theory on AdS 3 . Moreover, the operator algebra agrees with the spectral flow selection pattern determined in [4] . We also studied four-point functions involving states in different sectors of the theory and argued through some examples that they must factorize as expected in order to avoid inconsistencies, i.e. if the bootstrap approach holds, only states according to the fusion rules determined in section 3 must propagate in the intermediate channels. The factorization also agrees with the spectral flow selection rules. However more work is necessary to put this ansatz on a firmer mathematical ground. In particular, additional information on the nature of the descendant operators is required to verify crossing symmetry.
Given that scattering amplitudes of string theory on AdS 3 should be obtained from correlation functions in SL(2, R), our results provide the basis to construct the S-matrix in string theory on Lorentzian AdS 3 and to learn more about the dual conformal field theory on the boundary through AdS/CFT, in the spirit of [4] .
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6 Appendix: Analytic structure of W 1
The purpose of this Appendix is to study the analytic structure of W 1 . In particular, we are specially interested in possible zeros appearing in W 1 which are not evident in the expression (3.10), but are of greatest importance in our definition of the OPE. where u is defined as u = e + f − a − b − c. Using the permutation symmetry among a, b, c and e, f , which is evident from the series representation of the hypergeometric function 3 F 2 , seven new identities may be generated. In what follows we use these identities in order to obtain the greatest possible amount of information on W 1 . Consider for instance C 12 defined in (3.7). Using (6.1) it can be rewritten as where E 12 is given by Γ(−2j 1 ) times any of the sums in (6.4), (6.5) or (6.6). E 12 has no poles but it may vanish for certain special configurations if Φ j 2 ,w 2 m 2 ,m 2 ∈ D −,w 2 j 2 , namely n 2 < n 1 and j 3 = m 3 + n 3 or j 3 = −m 3 − 1 − n 3 , with n 3 = 0, 1, 2, . . . The same result applies to the antiholomorphic part E 12 , changing n i by n i . Obviously one might find, using other identities, new zeros for special configurations. This could be a difficult task which we shall not attempt since it is not necessary for our purposes.
